



















Positivity of affine charge
Avinash J. Dalal
Abstract
The branching of k − 1-Schur functions into k-Schur functions was given by Lapointe,
Lam, Morse and Shimozono as chains in a poset on k-shapes. The k-Schur functions are the
parameterless case of a more general family of symmetric functions over Q(t), conjectured to
satisfy a k-branching formula given by weights on the k-shape poset. A concept of a (co)charge
on a k-tableau was defined by Lapointe and Pinto. Although it is not manifestly positive,
they prove it is compatible with the k-shape poset for standard k-tableau and the positivity
follows. Morse introduced a manifestly positive notion of affine (co)charge on k-tableaux and
conjectured that it matches the statistic of Lapointe-Pinto. Here we prove her conjecture and
the positivity of k-(co)charge for semi-standard tableaux follows.
1 Introduction
The Macdonald basis for the space of symmetric functions is at the center of topics such as dou-
ble affine Hecke algebras, quantum relativistic systems, diagonal harmonics and Hilbert schemes
on points in the plane. The study was initiated by the work of Macdonald when he conjectured
[Mac88] non-negativity of the q, t-polynomial coefficients in terms of a shifted basis of Schur
functions. Garsia rephrased his conjecture using a modification of Macdonald’s polynomials,
Hµ(x; q, t), as
Hµ(x; q, t) =
∑
λ
Kλµ(q, t)sλ(x) , where Kλµ(q, t) ∈ N[q, t] . (1)
As such, the q, t-Kostka polynomials gained representation theoretic significance and a combina-
torial formula has long been sought.
When q = 0, Kλµ(0, t) are the Kostka-Foulkes polynomials. These polynomials appear in con-
nection with Hall-Littlewood polynomials [Gre55], affine Kazhdan-Lusztig theory [Lus81], affine
tensor product multiplicities [NY97], and they also encode the dimensions of bigraded S n-modules
[GP92]. In [LS78], Lascoux and Schu¨tzenberger combinatorially characterized these polynomials




T∈S S YT (λ,µ)
tcharge(T ) , (2)
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where S S YT (λ, µ) is the set of semi-standard Young tableaux of shape λ and weight µ.
While studying the Macdonald polynomials, a new family of symmetric functions, s(k)µ (x; t),
called k-atoms was introduced in [LLM03]. Empirical evidence suggested that, for any positive
integer k, these functions are indexed by a partition µ whose parts are not larger than k and
s
(k)
µ (x; t) =
∑
T∈A(k)µ
tcharge(T ) sshape(T )(x) ,
where A(k)µ is a certain set of tableaux of weight µ. One striking observation they made was that
for any partition λ whose parts are not larger than k,






(q, t)s(k)µ (x; t) , where K(k)µλ (q, t) ∈ N[q, t] .
Another observed feature of k-atoms is that for large values of k, s(k)µ (x; t) = sµ(x; t), and thus
K(k)
µλ
(x; t) reduces to the q, t-Kostka polynomials in (1). This observation inspired the conjecture in









(t)sµ(x; t) , (3)
where the k-branching coefficients, b(k→k+1)
λµ
(t) ∈ N[t]. In [LLMS12], a poset on partitions called k-
shapes was introduced and it was conjectured that the k-branching coefficients enumerate maximal
chains in this poset modulo an equivalence. The result was proven therein for t = 1.
A massive effort towards the generic t case was put forth by Lapointe and Pinto [LP14]. A
key focus in their work is the introduction of a statistic on the set of objects (k-tableaux) whose
enumeration is K(k)
λµ






shape(T )(x; t) , (4)
where T is a k-tableau of weight λ. As evidence to support their definition of k-charge, [LP14]
prove that the k-charge for a standard k-tableau is compatible with the weak bijection introduced
in [LLMS12].






is given by T (k) 7−→ (T (k−1), [p]), where T (k) is a k-tableau, SWTabkλ is the set of all standard
k-tableau of shape λ and [p] is a certain equivalence class of paths in the k-shapes poset, is such
that
k-charge(T (k)) = k′-charge(T (k−1)) + charge([p]) ,
where k′ = k − 1 and charge([p]) is the charge of the path p.
2
A consequence of the weak bijection is that the charge of a standard tableau on n letters is the
sum of the charge on the corresponding paths in the k-shapes poset, for k = 2, 3, . . . , n. Namely,
iterating the weak bijection starting with a standard tableau T on n letters gives
T 7−→ (T (n−1), [pn]), T (n−1) 7−→ (T (n−2), [pn−1]), . . . , T (2) 7−→ (T (1), [p2]) ,
which puts T in correspondence with (T (1), [pn], [pn−1], . . . , [p2]). Since there is a unique 1-tableau
T (1), then T is in correspondence with the equivalence of paths ([pn], [pn−1], . . . , [p2]). Finally, the
k-charge of T (1) being 0, and the compatibility between the k-charge and the weak bijection in the
standard case implies
charge(T ) = charge([pn]) + charge([pn−1]) + · · · + charge([p2]) .
Lapointe and Pinto naturally define a complementary k-cocharge statistic as well. Although
their statistics are not obviously non-negative, in the case of standard k-tableaux, the non-negativity
follows from compatibility with the weak bijection [LP14]. The non-negativity of k-(co)charge for
any semi-standard k-tableaux was unresolved.
In private communication with Morse [Mor15] (see also [Tho14]), she defined manifestly non-
negative statistics on k-tableaux and conjectured them to be the k-(co)charge. Here we prove her
conjecture and as a consequence prove that the k-(co)charge of any semi-standard k-tableau is
non-negative.
2 Related Work
Since the inception of k-atoms in [LLM03], many articles concerning s(k)
λ
(x; t) have appeared.
While most consider only the parameterless case when t = 1, in addition to the work of Lapointe-
Pinto just discussed, there have been a number of other achievements in full generality. In [Bla11],
Blasiak conjectures that k-atoms can be characterized by catabolizability conditions and connects
them to representation theory. In [MS15], K(k)
λµ
(0, t) is shown to be an expression over solvable lat-
tice models by Nakayashiki and Yamada. The intense study [AB12] of covers in the Bruhat order on
the affine symmetric group sheds light on the conjectured characterization for k-atoms [LLMS10]
as generating functions for marked saturated chains. The work of [DM15] introduces a notion of
affine charge on affine Bruhat counter-tableaux, objects in bijection with k-tableaux, and defini-
tively proves that Macdonald polynomials and quantum and affine Schubert calculus are intercon-
nected.
3 Prelimiaries
A composition α = (α1, α2, . . . , αm) is a vector of positive integers. A partition λ = (λ1, λ2, . . . , λm)
is a composition such that λ1 ≥ λ2 ≥ · · · ≥ λm. The length of λ, denoted ℓ(λ), is the number of
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parts in λ, and the sum of the parts of λ is denoted |λ|. A partition of length m whose parts are all 1




(i − 1)λi .
Every partition λ has a corresponding Ferrer’s diagram, which has λi lattice cells in the ith row
for 1 ≤ i ≤ ℓ(λ).
Example 2. The partition λ = (5, 3, 2, 2, 1, 1) has the corresponding Ferrer’s diagram
.
If λ ⊆ µ, then the skew shape µ/λ are those cells of µ which are not in λ. Any cell c of a
Ferrer’s diagram located in the ith row from the bottom and jth column from the left can be written
as c = (i, j). For a given cell c = (i, j) of a partition λ, the hook-length of c, hλ(c), is the number
of cells in the ith row to the right of c plus the number of cells in the jth column above c plus 1 to
include c.
It is certain subsets of the set of partitions that are central in our study. For a positive integer
n > 1, an n-core is a partition whose shape has no cells of hook-length n. Given any cell c = (i, j)
of an n-core, the n-residue of c, or the res(c), is ( j − i) mod n. This tells us that the n-core λ has
cells whose residues are periodically labelled with 0, 1, . . . , n − 1, where zeros are the residues of
the cells on the main diagonal.





0 1 2 3 4 0 1 .
A crucial proposition on cores that we will use comes from the work of L. Lapointe, A. Lascoux
and J. Morse [LLM03, LM05a]. We say that a cell (i, j) of a partition λ is called an extremal cell if
(i + 1, j + 1) < λ.
Proposition 4. [LM05a] Let λ be a n-core, where c and c′ are extremal cells of λ with the same
n-residue.
1. If c′ is weakly north-west of c and c is at the end of its row, then c′ is at the end of its row.
2. If c′ is weakly south-east of c and c is at the top of its column, then c′ is at the top of its
column.
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One immediate consequence of Proposition 4 is a simple remark that will be quite useful. For
any n-core λ, an addable corner of λ is a cell (i, j) < λ with (i, j− 1), (i− 1, j) ∈ λ, and a removable
corner of λ is a cell (i, j) ∈ λ with (i, j + 1), (i + 1, j) < λ.
Remark 5. [LM05a] An n-core λ never has both a removable corner and an addable corner of the
same n-residue.
For a positive integer k, a special filling of a (k + 1)-core, called k-tableaux, was introduced in
[LM05b] to describe Pieri-type rules which the k-Schur functions satisfy at t = 1. Furthermore,
at t = 1, the dual k-Schur functions are the generating functions for these k-tableaux of a given
(k + 1)-core shape.
Definition 6. For a positive integer k, let λ be a (k + 1)-core with m k-bounded hooks and let
α = (α1, α2, . . . , αr) be a composition of m, where no αi is larger than k. A k-tableau of shape λ
and weight α is a tableau of shape λ filled with integers 1, 2, . . . , r such that the collection of cells
filled with letter i are labeled by exactly αi distinct (k + 1)-residues.




10 11 22 23 30
We have labeled the (k + 1)-residue’s of the cells as the sub-scripts on the letters filling them.
Example 8. For k = 3, the only two k-tableau of weight (3, 2, 1) are
23 20 31




10 11 12 23 20
A key focus in our work will be on standard k-tableaux, those of weight (1m).
Example 9. For k = 2, all standard k-tableau of weight (14) are
32 40











One intrinsic property of a k-tableau is in its shape when the parameter k is taken sufficiently
large. A k-tableau of shape (k + 1)-core λ has no cells of hook-length larger than k if and only if
k > λ1 + ℓ(λ) − 2. For these large values of k, the k-tableau is a semi-standard tableau. As a result,
when a k-tableau has shape (k + 1)-core λ whose cells have hook-length less than k + 1, the charge
and a cocharge from [LS78] can be computed on that k-tableau. Our focus is on two statistics
which apply to a k-tableau for any k > 0.
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4 k-cocharge of a standard k-tableau
From here on, we will always assume that k is a positive integer, and we will label the (k + 1)-
residues, or just residues, of the cells of a k-tableau as the sub-scripts on the letters filling them.
Furthermore, the weight of our k-tableau will be a partition α whose parts are not larger than k.
The k-cocharge statistic on k-tableaux is first described for a standard k-tableau. Important to the
definition is the number of diagonals of a specific residue between two cells.
Definition 10. Given two cells c1 and c2 of a (k+1)-core, let diag(c1, c2) be the number of diagonals
of reside r that are strictly between c1 and c2 where r is the residue of the lower cell.





10 21 32 53 74 90
=⇒ diag(44, 32) = 0, and diag(82, (1, 5)) = 1.
When it is well-defined to do so, functions defined with a cell as input can instead take a letter
as input. In particular, for standard k-tableaux it is natural to discuss the residue of a specific letter
(since any cell containing that letter has the same residue) instead of the residue of a specific cell.
Definition 12. Given a standard k-tableau T of weight (1m), the lowest occurrence of i will be
denoted i↓, for 1 ≤ i ≤ m. Define the index vector L(T ) = [L1, L2, . . . , Lm] recursively by setting
L1 = 0, and
Li =

Li−1 + 1 + diag(i↓ , (i − 1)↓) if (i − 1)↓ is strictly below i↓
Li−1 − diag(i↓ , (i − 1)↓) otherwise





Example 13. For the k-tableau T of Example 11, Table 1 shows us that the k-cocharge(T ) = 13.
In contrast to the cocharge from [LS78], Definition 12 does not suggest that the k-cocharge
of a standard k-tableau must be non-negative. However, the compatability of k-cocharge with
the k-shape poset for standard k-tableau T implies that k-cocharge(T ) ≥ 0 in this case [LP14].
Lapointe-Pinto also defined the statistic for semi-standard k-tableaux, but serious obstructions to
extending the compatibility between k-cocharge and the weak bijection in the general case left the
non-negativity of k-cocharge unresolved.
In private communication, Morse provided a different, manifestly non-negative, statistic on
k-tableaux and she conjectured it to be equivalent to Definition 12. We recall her definition for
standard k-tableaux and start by proving her conjecture in this case. This requires a residue order
on a k-tableau.
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Definition 14. Let T be a standard k-tableau. The low T-residue order of {0, 1, . . . , k} is defined by
x > x + 1 > · · · > k > 0 > 1 > · · · > x − 1 ,
where x is the residue of the lowest addable cell of T . If the standard k-tableau T is of weight (1m),
then T≤i are those cells of T filled with a letter j ≤ i, for 1 ≤ i ≤ m,




10 21 32 53
The low T-residue order is 2 > 3 > 4 > 0 > 1, and the low T≤5-residue order is 4 > 0 > 1 > 2 > 3,
which is also the low T≤6-residue order.
Morse’s statistic [Mor15, Tho14] for standard k-tableau also involves an index vector, defined
recursively using the residue order of Definition 14.
Definition 16. Given a standard k-tableau T of weight (1m), define the index vector M(T ) =
[M1, . . . , Mm] recursively by setting M1 = 0, and
Mi =

Mi−1 + 1 if res(i) > res(i − 1)
Mi−1 otherwise
where res(i) and res(i − 1) is compared using the low T≤i-residue order, for 2 ≤ i ≤ m.





Mi + diag(i↓, c(i))
)
,
where c(i) is the lowest addable cell of T≤i.
Proof. The proof is by induction on the weight of T . The base case of i = 1 is trivial as we get
L1 = M1. Next suppose that Li−1 = Mi−1 + diag((i − 1)↓, ci−1) and the last cell in the bottom row
of T≤i is of residue r. The inductive step is proved by considering cases. Suppose there is a lowest
cell c of residue r that is not in the bottom row of T≤i, and (i − 1)↓ is weakly north-west of c while
i↓ is weakly south-east of c, and i↓ is not in the bottom row of T≤i.
On the one hand if res(i) > res(i − 1), then Mi = Mi−1 + 1 + diag(i↓ , c(i)). If i↓ is not in the
bottom row of T≤i, then c(i−1) = c(i). This says
Li = Li−1 − diag(i↓ , (i − 1)↓)
= Mi−1 + diag((i − 1)↓, c(i−1)) − diag(i↓ , (i − 1)↓)
= Mi−1 + diag((i − 1)↓, c(i)) − diag(i↓ , (i − 1)↓).
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Now if c is the lowest extremal cell of residue r that is not in the bottom row, then diag((i − 1)↓, c(i)) =
diag((i − 1)↓, c) + 1 + diag(c, c(i)). Since the res(i) > res(i − 1) and i↓ is weakly south-east of c,
then diag(c, c(i)) = diag(i↓ , c(i)). Thus, diag((i − 1)↓, c(i)) = diag((i − 1)↓, c)+1+diag(i↓ , c(i)). This
gives
Li = Mi−1 + diag((i − 1)↓, c(i)) − diag(i↓, (i − 1)↓)
= Mi−1 + 1 + diag(i↓ , c(i)) + diag((i − 1)↓, c) − diag(i↓ , (i − 1)↓).
If (i − 1)↓ is weakly north-west of c and i↓ is weakly south-east of c, then diag((i − 1)↓, c) =
diag((i − 1)↓, i↓). This along with the fact that c(i−1) = c(i), gives Li = Mi.
On the other hand if the res(i) < res(i − 1), then Mi = Mi−1 + diag(i↓ , c(i)). The proof for this
case follows almost similar to the proof for the case above, except this time diag((i − 1)↓, c) + 1 =
diag(i↓ , (i − 1)↓) because res(i) < res(i − 1).
The other cases, which are left to the reader to prove, are
1. i↓ is weakly south-east of (i − 1)↓ in T≤i.
(a) (i − 1)↓ is weakly south-east of any extremal cell of residue r that is not in the bottom
row of T≤i, and i↓ is in the bottom row of T≤i.
(b) There is a lowest cell c of residue r that is not in the bottom row of T≤i, and both (i − 1)↓
and i↓ are weakly north-west of c.
2. (i − 1)↓ is south-east of i↓, along with the sub-cases as above.





Mi + diag(i↓, c(i))
)
= 13 .
This agrees with Theorem 17 since Example 13 told us that the k-cocharge(T ) = 13.
5 k-cocharge of a semi-standard k-tableau
The Lascoux and Schu¨tzenberger cocharge statistic on a semi-standard tableau is an extension of
the cocharge statistic on a standard tableau. To do this for k-cocharge on a k-tableau T , a method
for making an appropriate choice of standard sequences on T is required.
Definition 19. Let T be a semi-standard k-tableau. Construct each standard sequence iteratively
by
8
i diag(i↓, (i − 1)↓) Li Low T≤i-residue order Mi diag(i↓, c(i))
1 - 0 - 0 0
2 0 0 − 0 = 0 2 > 3 > 4 > 0 > 1 0 0
3 0 0 − 0 = 0 3 > 4 > 0 > 1 > 2 0 0
4 0 0 + 1 + 0 = 1 3 > 4 > 0 > 1 > 2 1 0
5 0 1 − 0 = 1 4 > 0 > 1 > 2 > 3 1 0
6 0 1 + 1 + 0 = 2 4 > 0 > 1 > 2 > 3 2 0
7 0 2 − 0 = 2 0 > 1 > 2 > 3 > 4 2 0
8 1 2 + 1 + 1 = 4 0 > 1 > 2 > 3 > 4 3 1
9 1 4 − 1 = 3 1 > 2 > 3 > 4 > 0 3 0
Table 1: k-cocharge of T from Example 11
1. first choosing the right-most cell in T filled with a 1 which has not been chosen in a previous
standard sequence.
2. Having chosen an i − 1, of some residue r, the appropriate choice of i will be determined by
considering the residues of only those i’s which haven’t been chosen in a previous standard
sequence. Label all the residues 0, 1, . . . , k on a circle clockwise. The appropriate choice of
i is the one whose residue is closest to r reading counter-clockwise from r on the circle.
Observe that Definition 19 is well defined since the collection of cells filled with the letter i are
labeled by exactly αi distinct residues, where α, the weight of the k-tableau, is a partition whose
parts are not larger than k. Definition 19 also shows us a way to iteratively compute a set of standard
sequences for a given semi-standard k-tableau.






24 30 51 52 63





The bold cells of T shows the first standard sequence of cells using Definition 19. The set of
residues labeling 5 in T is {1, 2}, and the residue of 4 in the first standard sequence is 0. Therefore,
the choice of residue 2 from {1, 2} is made because 2 is closer to 0 than 1 when reading counter-
clockwise on the above circle labeled with all the residues. The cells which are not in bold form
the second standard sequence of cells.
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The k-cocharge definition for a standard k-tableau extends to a semi-standard k-tableau T by
summing over the standard sequences of T .
Definition 21. Let T be a semi-standard k-tableau. For each standard sequence s of T , define the
index vector L(s)(T ) = [L(s)1 , . . . , L(s)ℓ(s)] recursively by setting L(s)1 = 0, and
L(s)i =

L(s)i−1 + 1 + diag(i↓ , (i − 1)↓) if (i − 1)↓ is strictly below i↓ in s
L(s)i−1 − diag(i↓ , (i − 1)↓) otherwise
for 2 ≤ i ≤ ℓ(s), where ℓ(s) is the length of s. If S is the set of all standard sequences, then the







Example 22. For the semi-standard k-tableau T of Example 20, Definition 21 says that the k-cocharge(T ) =
15.
Definition 21 does not make the non-negativity of k-cocharge apparent. Again, we instead
match the definition with Morse’s semi-standard statistic defined as follows.
Definition 23. For a semi-standard k-tableau T which has cells of residue r and filled with i, define
T≤ir as those cells of T filled with j ≤ i, where j is in the same standard sequence as i. The low
T≤ir -residue order of {0, 1, . . . , k} is defined by
x > x + 1 > · · · > k > 0 > 1 > · · · > x − 1
where x is the residue of the lowest addable cell of T≤ir .
Example 24. For k = 4, since the second standard sequence of the semi-standard k-tableau T of





24 30 51 52 63
10 11 22 33 44 40 51 52 63
=⇒ T≤51 = 44
30 51
10 22 44 51
The lowest addable cell of T≤51 has residue 2, so the low T≤51 -residue order is 2 > 3 > 4 > 0 > 1.
Observe that the 5 of residue 2 is in the first standard sequence of T . Since the lowest addable cell
of T≤52 is of residue 3, then the T≤52 -residue order is 3 > 4 > 0 > 1 > 2.
The alternate form of the k-cocharge for a semi-standard k-tableau involves multiple index
vector’s. Each index vector corresponds to a standard sequence of the semi-standard k-tableau, and
it is defined recursively using the residue order of Definition 23.
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Definition 25. Let T be a semi-standard k-tableau. For each standard sequence s of T , define the
index vector M(s)(T ) = [M(s)1 , . . . , M(s)ℓ(s)] recursively by setting M(s)1 = 0, and
M(s)i =

M(s)i−1 + 1 if res(i) > res(i − 1)
M(s)i−1 otherwise
where res(i) and res(i − 1) are compared using the low T≤ir -residue order for each i ∈ s.
For a given semi-standard k-tableau T , summing over the standard sequences of T gives us a
corollary to Theorem 17.








M(s)i + diag(i↓ , c(i))
)
,
where i↓ is the lowest occurrence of i in s and c(i) is the lowest addable cell of T≤ir .






24 30 51 52 63
10 11 22 33 44 40 51 52 63
& 6344
30 51 63
10 22 44 51 63
Corollary 26 tells us that the k-cocharge(T ) = 16.
A k-tableau of shape (k + 1)-core λ has no cells of hook-length larger than k if and only if
k > λ1 + ℓ(λ) − 2. For these large values of k, the k-tableau is a semi-standard tableau of the same
weight. An observation of Corollary 26 is that when the k-tableau has shape (k + 1)-core λ whose
cells have hook-length less than k+ 1, the k-cocharge of the k-tableau is the cocharge from [LS78].
6 k-charge of a k-tableau
In this section we begin by recalling the definition of k-charge of a standard k-tableau from [LP14].
Our goal is to show that this definition is equivalent to Morse’s non-negative formulation [Mor15,
Tho14].
Definition 28. [LP14] Given a standard k-tableau T of weight (1m), the highest occurrence of i
will be denoted i↑, for 1 ≤ i ≤ m. Define the index vector I(T ) = [I1, I2, . . . , Im] recursively by
setting I1 = 0, and
Ii =

Ii−1 + 1 + diag(i↑ , (i − 1)↑) if i↑ is east of (i − 1)↑
Ii−1 − diag(i↑ , (i − 1)↑) otherwise.
11
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Applying Definition 28 for this T , Table 2 shows us that the k-charge(T ) = 21.
Similar to the k-cocharge of Definition 12, it is not immediately clear that the k-charge is a
non-negative integer and we use Morse’s non-negative formulation [Mor15, Tho14] which arises
by altering the residue order in the natural way.
Definition 30. The high T-residue order of {0, . . . , k} is defined by
x > x − 1 > . . . > 0 > k > . . . > x + 1 ,
where x is the residue of the highest addable corner of T .




10 21 32 53
The high T-residue order is 0 > 1 > 2 > 3 > 4, and the high T≤5-residue order is 2 > 1 > 0 > 4 >
3, which is also the high T≤6-residue order and the high T≤7-residue order.
Definition 32. Given a standard k-tableau T of weight (1m), define the index vector J(T ) =
[J1, . . . , Jm], starting from J1 = 0, by setting for i = 2, . . . ,m,
Ji =

Ji−1 + 1 if res(i) > res(i − 1)
Ji−1 otherwise,
where res(i) and res(i − 1) is compared using the high T≤i-residue order.




Ji + diag(i↑ , c(i))
)
= 21 .
Example 29 also told us that this sum is k-charge(T ).
12
i diag(i↑, (i − 1)↑) Ii High T≤i-residue order Ji diag(i↑, c(i))
1 - 0 - 0 0
2 0 0 + 1 + 0 = 1 4 > 3 > 2 > 1 > 0 1 0
3 0 1 + 1 + 0 = 2 4 > 3 > 2 > 1 > 0 2 0
4 0 2 − 0 = 2 3 > 2 > 1 > 0 > 4 2 0
5 0 2 − 0 = 2 2 > 1 > 0 > 4 > 3 2 0
6 0 2 + 1 − 0 = 3 2 > 1 > 0 > 4 > 3 3 0
7 0 3 − 0 = 3 2 > 1 > 0 > 4 > 3 3 0
8 0 3 − 0 = 3 1 > 0 > 4 > 3 > 2 3 0
9 1 3 + 1 + 1 = 5 1 > 0 > 4 > 3 > 2 4 1
Table 2: k-charge of T from Example 11
Just as we showed a non-negative reformulation the k-cocharge of a standard k-tableau in Sec-
tion 4, we will show that Definition 32 is a non-negative reformulation of the k-charge of a standard
k-tableau. In fact, we will show that it gives a non-negative reformulation of the k-charge for a
semi-standard k-tableau. We begin with some key Lemma’s.
Lemma 34. If T is a standard k-tableau of weight (1m), then any diagonal of the same residue as
i and between the diagonals with i↑ and i↓ must also have an i, for 1 ≤ i ≤ m.
Proof. For each 1 ≤ i ≤ m, let c be the highest cell on any diagonal of T≤i, where c is of the same
reside as i↑ and the diagonal with c is between the diagonals with i↑ and i↓. If c is of the same
residue as i↑ and i↓, then Proposition 4 tells us that c is at the end of its row and at the top of its
column in T≤i. Remark 5 tells us that c must contain an i. 
Lemma 35. Let T be a standard k-tableau of weight (1m). If βi is the number of cells of T filled
with i, then
βi + diag(i↑ , c(i)) + diag(i↓ , c(i))
is the number of diagonals of residue res(i) in T≤i, for 1 ≤ i ≤ m.
Proof. In T≤i, there is a diagonal of residue res(c(i)) above the diagonal with i↑ if and only if there
is a diagonal of residue res(i) above the diagonal with i↑. Similarly, in T≤i, there is a diagonal of
residue res(c(i)) below the diagonal with i↓ if and only if there is a diagonal of residue res(i) below
the diagonal with i↓. Lemma 34 tells us that βi is the number of diagonals of residue res(i) between
the diagonals with i↑ and i↓ in T≤i. 
Using Lemma 35 and the following definition, we show the connection between Morse’s statis-
tics [Mor15, Tho14] of Definition’s 16 and 32.
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Definition 36. The k-interior of a partition λ is the sub-partition made of the cells of λ with hook-
length larger than k:
Intk(λ) = {c ∈ λ | hλ(c) > k} .




(βi − 1) ,
where βi is the number of cells of T filled with i.













Mi + diag(i↓ , c(i))
)
.
Proof. The proof is by induction on the weight of T . The case when i = 1 is clear. Using the
induction hypothesis, we must show that
Ji+1 + diag((i + 1)↑, c(i+1)) = i − βi+1 + 1 − Mi+1 − diag((i + 1)↓, c(i+1)) ,
where βi+1 is the number of cells of T filled with i + 1.
We first consider the case that res(i + 1) > res(i) under both the high and low T≤i+1-residue
order. Under this case we have Ji+1 = Ji +1, Mi+1 = Mi+1 and the number of diagonals of residue
res(i) is one more than the number of diagonals with residue res(i + 1) in T≤i+1. This tells us that
Ji+1 + diag((i + 1)↑, c(i+1)) = Ji + 1 + diag((i + 1)↑, c(i+1)) . The induction hypothesis tells us that
Ji + 1 + diag((i + 1)↑, c(i+1)) is equal to
i − 1 − βi + 1 − Mi − diag(i↓ , c(i)) − diag(i↑ , c(i)) + 1 + diag((i + 1)↑, c(i+1)) . (5)
Lemma 35 tells us that βi+diag(i↓ , c(i))+diag(i↑ , c(i)) is the number of diagonals of residue res(i) in
T≤i. The number of diagonals of residue res(i) is one more than the number of diagonals of residue
res(i + 1) in T≤i+1. Lemma 35 tells us again that the number of diagonals of residue res(i + 1) in
T≤i+1 is βi+1 + diag((i + 1)↑, c(i+1)) + diag((i + 1)↓, c(i+1)). Furthermore, since Mi+1 = Mi + 1, then
(5) reduces to i − βi+1 + 1 − Mi+1 − diag((i + 1)↓, c(i+1)) .
The other cases, which are left to the reader to prove, are
1. res(i + 1) > res(i) under the high T≤i+1-residue order, and res(i + 1) < res(i) under the low
T≤i+1-residue order.
2. res(i + 1) < res(i) under the high T≤i+1-residue order, and res(i + 1) > res(i) under the low
T≤i+1-residue order.









10 21 32 53 74 90










Ji + diag(i↑ , c(i))
)
= 21 .
These equations along with the fact that |Int4((7, 3, 2, 1, 1))| = 2 and 10(10−1)/2 = 36 agrees with
Theorem 37.
For a given semi-standard k-tableau T , we can sum over the standard sequences of T to gener-
alize Theorem 37.
Theorem 39. Let T be a semi-standard k-tableau of weight µ and shape λ. If S is the set of all






J(s)i + diag(i↑ , c(i))
)






M(s)i + diag(i↓ , c(i))
)
,
where i↑ and i↓ are the highest and lowest occurrences of i in s, respectively, and c(i) and c(i) are
the highest and lowest addable cells of T≤ir , respectively.
Proof. Given the k-tableau T , let S be the set of all standard sequences from Definition 19. Each
standard sequence s ∈ S contributes
∑ℓ(s)
i=1 (βi − 1) to |Intk(λ)|, where βi is the number of cells of T






(βi − 1) ,
where λ is the shape of T .
For the n(µ) term, each standard sequence s ∈ S contributes (ℓ(s)(ℓ(s)−1))/2 to n(µ). Summing









where µ is the weight of T . Applying Theorem 37 to each standard sequence s ∈ S finishes the
proof. 
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We have just shown that Morse’s non-negative reformulation of the k-cocharge is related to a
generalization of Definition 32. Furthermore, it is the work of [LP14] which relates Definition 12
of the k-cocharge to Definition 28 of the k-charge of a semi-standard k-tableau.
Theorem 40. [LP14] Given a semi-standard k-tableau T of weight µ and shape λ,
k-charge(T ) = n(µ) − |Intk(λ)| − k-cocharge(T ).
Finally, we can state a non-negative reformulation of the k-charge of a semi-standard k-tableau
by applying Corollary 26 and Theorem’s 39 and 40.








J(s)i + diag(i↑ , c(i))
)
,
where i↑ is the highest occurrence of i in s and c(i) is the highest addable cell of T≤ir .






24 30 51 52 63
10 11 22 33 44 40 51 52 63
where the bold cells show the first standard sequence of cells. Table 3 gives k-charge(T ) = 12.
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